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We consider two species of hard-core bosons in a one-dimensional optical lattice with periodically
modulated repulsive interactions. Using Floquet theory the periodic model can be mapped to an
effective Hamiltonian for high frequencies, which is described by a static interaction and hopping
parameters that depend on the local densities. In particular, if the density difference of one species is
non-zero on neighboring sites, the effective hopping of the other species is reduced and can even take
on negative values. Using a combination of analytic calculations and different advanced numerical
simulations we establish the full quantum phase diagram for half-integer filling for this system.
Surprisingly, the density-dependent reduction of hopping drives a quantum phase transition into
a superfluid phase. For negative hopping a previously unknown state is found, where one species
induces a gauge phase of the other species, which leads to a superfluid phase of gauge-dressed
particles. The corresponding experimental signatures in time-of-flight experiments are calculated
and show characteristic signatures of the different phases. The phase transition line between the two
superfluid phases corresponds to an exactly solvable model with high degeneracy. All these results
can also be interpreted from the point of view of Hubbard model in one dimension with equivalent
occupation-dependent hoppings.
PACS numbers: 03.75.Lm,03.75.Hh
Recent developments for ultra-cold atomic systems
provide useful platforms for quantum simulations in a
wide window of tunable parameters [1–3]. Interacting
bosons in an optical lattice show a quantum phase tran-
sition from a superfluid (SF) to a Mott-insulator (MI) [4],
which has been experimentally shown by “time-of-flight”
(TOF) measurements [5] of the momentum distribu-
tion [6]. In a mixture of different species, the interac-
tion strengths for both inter- and intra-species scattering
can be tuned via Feshbach resonances [7]. As a result, a
large variety of interesting new phases were predicted for
spinor bosons [8–15], interacting multi-species bosons or
fermions [16–26] and Bose-Fermi mixtures [27–42].
Recently, time-dependent and driven optical lattices
have opened an era of exploring exotic dynamical quan-
tum states [43–75]. For instance, assisted Raman tun-
neling and shaking were proposed to induce a density-
dependent complex phase in the hopping elements,
which may allow the experimental realization of anyonic
physics [63–67]. On the other hand, a fast time-periodic
modulation of the interaction [69, 70] will lead to an ef-
fective hopping matrix element depending on the density
difference [71–74], which gives rise to pair superfluidity in
one dimension (1D) [71], while superfluidity is suppressed
in higher dimensions [72]. We now consider the corre-
sponding two-species model in 1D with analytical and
advanced numerical methods to obtain the full quantum
phase diagram. Even though the density-dependent hop-
ping is reduced, we find that driving surprisingly causes
a quantum phase transition into the SF phase. For larger
driving we obtain negative effective hopping, which gives
rise to an exotic gauge-dressed SF phase with a charac-
teristic TOF signature.
The model for two species of hard-core bosons (a, b)
in a 1D optical lattice with a time-dependent repulsive
interaction is given in terms of corresponding creation
and annhiliation operators aˆ†l , aˆl , bˆ
†
l , bˆl at each of the L
sites
Hˆ(t) =
L∑
l=1
[
−Jaˆ†l aˆl+1 − Jbˆ†l bˆl+1 + U(t)nˆal nˆbl
]
, (1)
where nˆal = aˆ
†
l aˆl , nˆ
b
l = bˆ
†
l bˆl and U(t) = U¯ + δU cos(ωt).
Here we have assumed half-filling 〈nˆa/bl 〉 = 1/2 and equal
hopping J for both species. The driving may be provided
by a time-periodic magnetic field B(t) = B¯ + δB cos(ωt)
using a linear approximation δU ∝ δB assuming δB ≪∣∣B¯ −B0∣∣ around a broad Feshbach resonance B0 [69, 70].
The time-periodic interaction term can be analyzed
using Floquet theory [68, 71–75]. In the limit of large
~ω ≫ t, U¯ , the transitions between Floquet modes are
suppressed [76], so that the effective Hamiltonian be-
comes time-independent [77]
Hˆe =
L∑
l=1
[
−Jˆal aˆ†l aˆl+1 − Jˆbl bˆ†l bˆl+1 + U¯ nˆal nˆbl
]
, (2)
where the hoppings Jˆ
a/b
l are now operators depending on
the local densities of the opposite species
Jˆbl = J J0
[
K(nˆal − nˆal+1)
]
(3)
2FIG. 1. (a) Hopping processes of one species in the effective
model in Eq. (2). Transitions between two neighboring single
occupied and double/empty sites are suppressed by J0[K]. (b)
Ground-state quantum phase diagram of the effective model
in Eq. (2).
with matrix elements
{
J for nal − nal+1 = 0
JJ0[K] for |nal − nal+1| = 1 (4)
and analogously for Jˆal . Here J0[K] denotes the zeroth-
order Bessel function of the first kind and the dimension-
less driving amplitude K = δU/~ω gives the modulation
strength δU in units of ~ω. As illustrated in Fig. 1(a) the
effect of driving is therefore to suppress hopping of hard-
core type-a bosons by J0[K] if the occupation of type-b
bosons is different and vice versa. The suppression de-
creases with increasing driving K from J0[0] = 1 to the
negative minimum value of J0[3.8717] ≈ −0.4024.
Remarkably, using the Jordan-Wigner transformation
Eq. (2) can be mapped exactly to the well-known SU(2)-
invariant 1D Hubbard model [78] with corresponding
occupation-dependent hopping, where type-a bosons cor-
respond to spin up and type-b bosons to spin down.
Without driving J0[0] = 1 the system is known to be in
the Mott state at half-filling for any U¯ > 0 without quan-
tum phase transition, which was first shown by Lieb and
Wu [79]. However, as we will see below, the selective re-
duction of hopping elements by driving will destroy the
MI state.
An interesting point is reached at the zeros of the
Bessel function since for J0[K] = 0 the hopping between
neighboring double occupied and empty sites is not pos-
sible in this case as shown in Fig. 1(a). Because the
Hamiltonian no longer distinguishes between double oc-
cupied and empty sites, we can denote both of them with
pseudo-spin up |↑〉 (for nal = nbl ). Likewise hopping be-
tween neighboring single occupied sites is forbidden re-
gardless if they are type a or b, so both can be denoted
with pseudo-spin down | ↓〉 (for nal 6= nbl ). The corre-
sponding total occupation numbers for the four different
possible local states (a, b, double, empty) are all con-
served and the resulting Hamiltonian for half-filling is
expressed exactly as
Hˆe =
L∑
l=1
[−J(Sˆ+l Sˆ−l+1 + h.c.) +
U¯
2
(Sˆzl + 1/2)], (5)
where Sˆ
+(−)
l and Sˆ
z
l represent the respective pseudo-spin-
1/2 operators. There is a macroscopic degeneracy 2L in-
creasing with the number of sites L, since the pseudospin
states at each site represent two different but equivalent
local states. Note, that the pseudo-spins must not be con-
fused with the spin states in the Hubbard model, which
correspond to the two different boson species. In fact,
the degeneracy for J0[K] = 0 is equivalent to a so-called
spin-incoherent state of the Hubbard model [80, 81]. The
xy−model in Eq. (5) is exactly solvable, where U¯ provides
a Zeemann splitting between |↑〉 and |↓〉. For U¯ > 4J ,
the system is saturated with only single occupied sites
and a finite charge gap corresponding to the MI phase.
When U¯ ≤ 4J , the ground state is in a gapless xy phase
indicated by a blue vertical line in Fig. 1(b).
To obtain the full quantum phase diagram, we now use
a combination of three independent advanced numerical
simulation methods. The density matrix renormalization
group (DMRG) method [82–85] is used to measure prop-
erties of finite-size chains, such as the charge gap ∆c, the
superfluid density ρs, and correlation functions using up
to M = 4096 states. With the further development of
the DMRG to infinite systems (iDMRG) [86–88], we can
moreover determine the fidelity susceptibility χF and the
entanglement entropy S directly in the thermodynamic
limit. Last but not least the stochastic series expansion
algorithm of the quantum Monte Carlo (QMC) method
with parallel tempering [89–91] is used to calculate the
compressibility κ close to the zero temperature limit.
A MI-SF quantum phase transition of Berezinskii-
Kosterlitz-Thouless (BKT) type is known to occur in
the Hubbard model only away from half-filling [92]. As
shown in Fig. 2(a) for J = 0.4U¯ we now observe signa-
tures of a corresponding quantum phase transition also
at half-filling as a function of the effective hopping J0[K],
which is reduced by the driving amplitude K. The super-
fluid density ρs can be obtained using DMRG from the
second-order response [E0(θ)−E0(0)]/θ2 of the ground-
state energy E0 to a twist-angle θ [93]. The response ρs
is finite and increasing for small J0[K], which shows that
the system is indeed in a superfluid phase for this part of
the phase diagram. The increase of ρs with effective hop-
ping J0[K] is not surprising, since for smaller J0[K] the
hopping of type-a bosons is blocked by a changing occu-
pation of type-b and vice versa. However, for larger J0[K]
a maximum and sudden drop to ρs → 0 as J0[K]→ 1 sig-
nals a quantum phase transition to the well-established
Mott state in the undriven system [78, 79]. To pinpoint
the transition point, we consider the fidelity susceptibil-
ity χF (x¯) = −2 lnF (x1, x2)/δ2, which is defined via the
overlap F (x1, x2) = 〈ψ0(x1)|ψ0(x2)〉 of ground states for
3FIG. 2. Different observables at J/U¯ = 0.4. (a) Fidelity
susceptibility χF and entanglement entropy S from iDMRG
(L = ∞); charge gap ∆c and superfluid density ρs from
DMRG (L = 100); compressibility κ from QMC (L = 100).
(b) Single-particle correlation Gc(r) = 〈aˆ
†
0
aˆr〉 (◦) and density-
hole-pair correlation Gs(r) = 〈aˆ
†
0
bˆ0aˆr bˆ
†
r〉 () as a function of
distance r relative to L/4 for J0[K] = 0.4 (solid line) and 1
(dashed line) obtained by DMRG (L = 100).
two close parameter in the Hamiltonian x1 and x2 with
δ = |x1 − x2| and x¯ = (x1 + x2)/2. A peak in χF is a
clear signal of a quantum phase transition [94, 95], which
occurs at J0[K]c = 0.624(6). In addition, the entan-
glement entropy S = −Trρr ln ρr is obtained from the
partial trace of the reduced density matrix for half the
system [96–98], which shows a distinct drop in the vicin-
ity of the transition point. Using QMC we find the com-
pressibility κ = 〈Nˆ 2〉 − 〈Nˆ 〉2 for L = 100 sites close to
the zero temperature limit which starts to vanish in the
Mott phase. The charge gap ∆c = Ep + Eh − 2E0 is
found by DMRG from the energies of systems with one
additional particle Ep and one additional hole Eh rela-
tive to the ground state and becomes finite in the MI.
Since a finite size scaling analysis of order parameters is
not well suited to determine the BKT transition [92], we
use the maxima in χF to obtain the full phase diagram
in Fig. 1(b) for a number of parameters J/U¯ .
At first sight it is surprising that the reduction in hop-
ping J0[K] can induce a SF state, especially because the
suppressed processes in Fig. 1(a) would tend to destroy
the MI. However, a comparison with the equivalent Hub-
bard model shows that exactly those processes give a
spin-exchange, where two neighboring sites of opposite
spins are flipped in second order. It is well known that
the resulting effective spin-spin interaction 4J2J20 [K]/U¯
leads to antiferromagnetic correlations which lower the
energy [20, 78]. The antiferromagnetic correlations cor-
respond to a slow decay of an alternating a-b density
order of singly occupied sites, which stabilize the Mott
state with an energy gain of order J2J20 [K]/U¯ . Remark-
ably, periodic driving allows to selectively tune away the
hopping terms which are responsible for this density or-
der, so a quantum phase transition to the SF phase is
observed. For J0[K] = 0 the system is always spin-
incoherent, i.e. without any a-b-density correlations.
It is instructive to analyze the characteristic corre-
lation functions for the different phases as shown in
Fig. 2(b) for J = 0.4U¯ . The single particle correlation
Gc(r) = 〈aˆ†0aˆr〉 shows a typical powerlaw decay in the
SF phase J0[K] = 0.4 < J0[K]c, while an exponential
decay is a signature of a MI for J0[K] = 1 > J0[K]c.
The particle-hole-pair correlation Gs(r) = 〈aˆ†0bˆ0aˆrbˆ†r〉 on
the other hand shows a slow powerlaw decay in either
phase, which is a signature of counterflow SF [19–22] cor-
responding to quasi-long range antiferromagnetic order in
the spin-channel of the Hubbard model [20, 78].
We now turn to negative effective hopping J0[K] <
0. The corresponding phase diagram and the superfluid
density are shown in Fig. 1(b) and Fig. 3, respectively.
At first sight it is striking that the results look perfectly
symmetric around J0[K] = 0, which would suggest that
negative hopping has the same effect as positive hopping.
However, the underlying state for positive and negative
values is quite different, which becomes clear by looking
at the signature of the momentum distribution (MD) nbk
defined by
nbk = |w(k)|2
L∑
l,l′=1
exp[ik(l− l′)/~]〈bˆ†l bˆl′〉, (6)
as a function of momentum k, where w(k) stands for the
Fourier transform of the Wannier function in a 1D op-
tical lattice with lattice spacing equal to one [99]. As
shown in the inset of Fig. 3 the MD shows an interfer-
ence pattern with sharp peaks at k = 0 (mod 2pi) for
positive values J0[K] = 0.35, which originates from the
phase coherence of bosons in the normal SF. However in
the region J0[K] < 0, no sharp interference pattern is
observed.
Both the symmetry in ρs and the difference in the MD
interference pattern can be explained by a gauge trans-
formation which defines new quasi-particles of type-β
βˆl = bˆl exp(ipinˆ
a
l ) and analogous for type-α. We see that
the hopping terms in Eqs. (2)–(4) can then be written as
Jˆbl bˆ
†
l bˆl+1 = J
(
1+J0[K]
2 +
1−J0[K]
2 e
ipi(nˆal +nˆ
a
l+1)
)
bˆ†l bˆl+1
= J
(
1+J0[K]
2 e
ipi(nˆal +nˆ
a
l+1) + 1−J0[K]2
)
βˆ†l βˆl+1(7)
4FIG. 3. Superfluid density ρs per site calculated by DMRG
with L = 100 at J = U¯ . Inset: Momentum distribution nbk at
J0[K] = ±0.35, which is normalized by its maximal value.
and likewise for Jˆal aˆ
†
l aˆl+1. Since the densities are not
affected nˆ
a/b
l = nˆ
α/β
l , a change of sign J0[K] → −J0[K]
is therefore equivalent to a transformation bˆl → βˆl and
aˆl → αˆl in Eq. (7). Accordingly, the energies and phase
transition lines are identical for positive and negative
J0[K], but the superfluid density for negative sign corre-
sponds to a response of gauge dressed particles αˆ, βˆ and
is therefore called a gauge-dressed SF with a different
characteristic MD shown in the inset of Fig. 3.
In addition we can also consider a Gutzwiller
mean-field (GWMF) theory to investigate the nega-
tive region D = {J0[K] < 0, |J0[K]| ≪ 1, and
J/U¯ > 1/4}. To this end we assume the many-
body wave function to have the uniform product form
|ψg〉 =
⊗L
l=1[
∑
{na,nb} Λna,nb |na, nb〉] with
√
2Λ0,0 =
eiφ0,0 sinϕ,
√
2Λ0,1 = e
iφ0,1 cosϕ,
√
2Λ1,0 = e
iφ1,0 cosϕ,√
2Λ1,1 = e
iφ1,1 sinϕ, where ϕ and φna
l
,nb
l
denote respec-
tive variational parameters. The average energy per site
then reads eg = U¯(1 − cos 2ϕ)/4 − J(1 − cos2 2ϕ)(1 +
J0[K] cos δφ)/2 with δφ = φ0,0 − φ1,0 − φ0,1 + φ1,1.
In the given region D, the minimization of eg yields
cos 2ϕ = U¯/(4J(1 + |J0[K]|)) and δφ = pi. The Bose-
Einstein condensation density turns out to be ρ>c =
|〈aˆ〉| = | sin 2ϕ(1 + eiδφ)/4| = 0, which means that the
normal U(1) symmetry is not broken. In other words,
GWMF suggests a state without normal superfluidity.
This is in agreement with the lack of sharp features in
the MD. The finite response ρs in Fig. 3 therefore comes
from the gauge-dressed quasiparticles as expected.
Thus, the gauge dressed SF is characterized by a lattice
gauge exp(ipinˆal ) provided by one species (type-a) which
couples to the hopping of the other species species (type-
b) and vice versa. As can be seen from Eq. (7) the gauge
dressed hopping becomes dominant in the strongly driven
region J0[K] < 0, resulting in a superfluid response from
gauge dressed particles. The quantum phase transition
to a MI is analogous to an ordinary SF and happens
at exactly the same critical value of J/U¯ in Fig. 1(b)
as for corresponding positive J0[K] > 0 since the gauge
does not change the energy response to a twist-angle θ.
The gauge dressed SF is therefore different from pair su-
perfluidity, where correlated hopping is observed due to
a strong coupling of the hopping directly to the density
[71, 100]. The so-called counterflow SF is another type of
correlated hopping [19–22], where hopping of particles of
one species is facilitated by holes of the opposite species.
In contrast, in the new gauge dressed SF the hopping is
facilitated by gauges exp(ipinˆal ), which can also be viewed
as particles that are their own anti-particles, analogous
to a Majorana description.
We now turn to the situation in higher dimensions,
where SF phases are generically more stable due to the
suppression of quantum fluctuations. In contrast to the
1D case, it is known that decreasing J0[K] leads to a
larger MI region in higher dimensions [72]. However, the
transformation to gauge dressed particles in Eq. (7) is
independent of dimension, so we expect a gauge dressed
SF also in higher dimensions at corresponding negative
values of J0[K]. On 2D triangular lattices, supersolid
phases are known to be stable [101–105], so that driv-
ing may lead to interesting ’gauge dressed supersolids’ in
that case, where a corresponding off-diagonal long-range
order of a gauge dressed SF coexists with a charge density
order.
Another interesting aspect is provided by the huge de-
generacy at the phase transition line between the two
superfluid phases. Degeneracy is an underlying mecha-
nism for interesting phase diagrams in frustrated systems
[101–107] and it is known that a corresponding increase
of entropy gives magnetocaloric signatures near quantum
critical points [108, 109]. Nonetheless, a macroscopic en-
tropy of order L as in this model is not very common
and may provide a potential as a reservoir for cooling. In
particular, it may be possible to prepare a relatively low
temperature state in the MI or SF phases with a unique
ground state first and then tune the parameters adiabat-
ically to the highly degenerate phase transition in order
to achieve a further drop in temperature.
In experiments, decoupled 1D chains can be created
by tuning the anisotropy of lasers [110] and two hyper-
fine spin states of cold atoms play the role of two different
bosonic species. By using a spin-dependent potential and
a resonant microwave pulse [26], the system can be pre-
pared in a deep MI phase with alternating density order
which guarantees a balanced filling. Different points in
the phase diagram could then be reached by adjusting
the lattice depth and the driving frequency. Finally, the
MD can be probed by standard TOF measurements [5]
and dynamical compressibility measurements [111] can
be used to probe the compressibility κ, which clearly dis-
tinguish between MI, SF and gauge dressed SF phases.
In conclusion, we proposed a way to realize a density-
5dependent tunneling for 1D two-species hardcore bosons
by time-periodic driving. This is a remarkable tuning in-
strument, since it selectively allows the controlled reduc-
tion of exactly those hopping processes which are respon-
sible for antiferromagnetic correlations in the equivalent
Hubbard model [78]. In contrast to the undriven case, a
transition from the MI to a SF is observed at half-filling
via a driving-induced reduction of selective hopping pro-
cesses J0[K]. By tuning away these terms completely at
J0[K] = 0, a highly degenerate spin-incoherent state is
obtained corresponding to an exactly solvable model. For
even larger driving amplitudes, negative hopping param-
eters J0[K] < 0 lead to a remarkable new gauge dressed
SF with a novel type of pairing mechanism, where an
atom of one species and a gauge phase of the other are
bound to contribute to a nonzero superfluidity. This
gauge dressed SF has different characteristic correlations
from an ordinary SF, which can be detected in the MD
measured by TOF experiments. Nonetheless, an exact
hidden transformation to the positive hopping case can
be found, which is independent of dimension, so that we
postulate that the corresponding gauge dressed SF must
also exist in higher dimensional systems.
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